Symmetries of almost complex structures 
and pseudoholomorphic foliations 

Boris Kruglikov 

Abstract 

Contrary to complex structures, a generic almost complex structure J 
has no local symmetries. We give a criterion for finite-dimensionality of 
the pseudogroup G of local symmetries for a given almost complex struc- 
ture J. It will be indicated that a large symmetry pseudogroup (infinite- 
dimensional) is a signature of some integrable structure, like a pseudo- 
holomorphic foliation. We classify the sub-maximal (from the viewpoint 
of the size of G) symmetric structures J. Almost complex structures in 
dimensions 4 and 6 are discussed in greater details in this paperQ 

Introduction and Results 

Let (M 2n , J) be a connected almost complex manifold, J 2 = — 1. In this 
paper we focuss mainly on local geometry and assume n = ^dimM > 1. In 
this case the Nijenhuis tensor Nj(£,ri) = {J^Jw} — J[£, Jry] — J[J^,i]] — [£,rj\ 
(which is a skew-symmetric (2,1) -tensor) is generically non-zero. 

It is known that all differential invariants can be expressed via the jets of 
the Nijenhuis tensor |Ki| . In this paper we will be concerned with vector dis- 
tributions canonically associated with Nj. We will see that their behavior is 
related to the amount of local symmetries of the almost complex structure. 

Of course, the most symmetric case corresponds to Nj — 0, and this vanish- 
ing is equivalent to local integrability of J NN . On the other pole we know that 
generically J has no local symmetries at all IK2I ■ What happens in between? 

Globally, if the manifold M is closed, the symmetry group Aut(M, J) is a 
finite-dimensional Lie group [BKW . For the pseudo group of local symmetries 
G = Sym loc (M, J) we will prove the following criterion of finite-dimensionality. 

Theorem A. Suppose that the almost complex structure J is non-degenerate in 
the sense that the Nijenhuis tensor as the map Nj : A 2 TM — > TM is epimorphic 
for n > 2 and that its image II = Im(A^j) C TM is a non-integrable vector 
distribution for n = 2. Then dimG < 00. 



1 MSC numbers: 32Q60, 53C15; 53A55, 22E65. 
Keywords: almost complex structure, symmetry, equivalence, differential invariant, Nijenhuis 
tensor, pseudoholomorphic foliation. 
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In general the pseudogroup of local symmetries G = Sym loc (M, J) can 
be infin ite-dimensional even in the almost complex case. By the Cartan test 
|BCG 3 1 |KL 2 [ I5e] we can calculate the functional dimension and rank of G, i.e. 
determine that its elements formally depend on a functions of p arguments (and 
some number of functions with fewer arguments). For instance, complex local 
biholomorphic maps depend on n holomorphic functions of n arguments. 

In the other (non-integrable) cases we will show that the number of argu- 
ments p < n — 1, and we will study the structures that maximize a. We shall 
prove (this shall be understood either in analytic category or formally): 

Theorem B. If N,j ^ 0, then the local transformations from the pseudogroup 
G depend on at most a functions of (n — 1) arguments, where a = n — 1 for 
n = 2, 3 and a = n — 2 for n > 3. 

For the sub-maximal symmetric structures, which realize the above dimen- 
sional characteristics, some vector distributions, associated to J, will be shown 
integrable. Thus M comes naturally equipped with pseudoholomorphic foli- 
ations. This feature is lacking generally, namely J-holomorphic foliations of 
complex dimension > 1 are non-existent for generic J [Gr| IK2I ; they do exist 
if the fibers are holomorphic curves, but generically J is not locally projectible 
along the fibers, which is though the case with our canonical foliations. 

In the case n = 2 the sub-maximal symmetric structure is locally unique, 
and is the only nonintegrable J that admits an infinite-dimensional transitive 
symmetry pseudogroup G. It corresponds to almost holomorphic vector bundle 
over a holomorphic curve. We also investigate the geometry of the canonical 
rank 2 Nijenhuis tensor characteristic distribution n 2 = Im(TVj). It is shown 
that in general this rank 2 vector distribution can be arbitrary, but it has to be 
integrable if dim G = 00 . In dimension 4 the existence of an almost complex 
structure J with Nj ^ (so that the field of 2-planes n 2 is non-singular) implies 
global topological restrictions on M. 

In the case n = 3 we describe the sub-maximal symmetric structures, which 
are again locally unique. We discuss the almost complex structures J with non- 
degenerate Nijenhuis tensors Nj (then J is called non-degenerate too). We will 
prove that in this case dim G is at most 14 and the maximal symmetric non- 
degenerate almost complex structure is locally isomorphic to the G2-invariant 
structure J on S 6 (Calabi almost complex structure). This uniqueness is not a 
corollary of any general theorem and is a new result (some technical details of 
the proof are delegated to appendices). We will also indicate that existence of 
non-degenerate structures is a global topological restriction on M. 

The analysis for n > 3 is harder due to rapidly increasing number of cases, 
but we describe the sub-maximal symmetric structures that are no longer unique. 
Namely the two sub-maximal structures J in dimensions 4 and 6, naturally ex- 
tended to dimension 2n, give rise to two different sub-maximal almost complex 
structures (with the same bulk of symmetries depending upon {n — 2) complex 
functions of 2 variables). We also discuss at the end of the paper the topological 
obstructions for construction of non-degenerate almost complex structures J. 
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The zoo of all almost complex structures with infinite pseudogroup G is 
too vast to be handled in general, but our results show that these cases con- 
tain some integrability features, like existence of pseudoholomorphic foliations. 
Thus, similar to non-degenerate situation, we also observe topological obstruc- 
tions for existence of highly symmetric almost complex structures. 

Summarizing, this paper makes the first steps in understanding the pseu- 
dogroup G of local symmetries (automorphisms) of almost complex structures 
J that lie between the two poles - integrable and generic. 

1 Background: Formal integrability 

Let us summarize here the basics from the geometric theory of differential 
equations, see |Sp[ IKL2I for details. We consider a vector bundle tt : E — s- M 
with fiber F and the space J k ir of fc-jets of its local sections. Notice that 
J°7r = E and there are natural projections irk,k-i '■ J k ^ J k ~ 1 K. 

A system of differential equations of order r is a subbundle £ C J r ir. In this 
paper the order of £ will always be r = 1. The symbol of this equation is the 
family of subspaces gi = Ker(c?7ri.o : T£ — > TJ°tt). It naturally identifies as the 
subbundle fl X C T*M (g> F. 

The Spencer-Sternberg prolongations of the symbol Qk+i — 0^ |Sp| [St] are 
given by the formula g k+1 = S k+1 T*M ® F n S k T*M ® gi. 

Prolongations of £ are defined as subsets £k+\ = £^ C J k+1 n, which are 
zero loci of the differential corollaries of the PDEs defining £ (obtained by 
differentiating the defining relations by all variables < k times). 

Regularity of £ means that £k are vector subbundles of J k n with respect 
to the projections itk,k-i for all k. £ is formally integrable (all compatibility 
conditions hold) if and only if "Kk,k—i '■ £fc — * £k-i are submersions. 

The symbols of fc-th order g k '= Kcr(d7r fe!fe _i : T£ k -> T£ k _ x ) C S k T*M®F 
are subspaces of the Spencer-Sternberg prolongations Q k , and we have equality 
9k = 0fc iff f is formally integrable. 

Thus purely algebraic considerations allow to bound the Hilbert polynomial 

P £ (k) = Y J <iimg l = ak p + . . . . 

i<k 

The degree p is called the functional dimension and the leading coefficient a 
is called the functional rank of the system £ |KLi| . According to Cartan test 
|BCG 3 ] these quantities determine the amount of initial data needed to spec- 
ify formaH solutions of £. Namely the solutions depend on a functions of p 
arguments (and possibly some functions with fewer arguments). 

These numbers can be calculated from the complexification g*f of the symbol 
as follows (we restrict to the order r = 1 , see [BCG 3 1 |KLi| for the general case) . 
Consider rank one elements q®v € gf \0. The set of all such g form the complex 
affine characteristic variety Char^ ff (£ ) C T*M, and the set of all v form the 

2 We can change this to 'local' in the analytic and sometimes also in the smooth category. 
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kernel bundle K over it. We can also calculate these through prolongations 
(higher symbols) as follows: g k ® v € rj^ \ 0. 

Now p — dime Char aff (f) an d o = rank(if) • deg Char^f (£ ) provided the 
characteristic variety is irreducible. If the characteristic variety is reducible, 
then p is the maximal dimension among the irreducible components, and a is 
the sum of the corresponding quantities for irreducible pieces of dimension p. 

Example. Consider the Cauchy-Ricmann equation for the holomorphic 
map w : C™ — > C m , z i-> It is given as the system d^w^ — 0, where 

29j fc = d Xk +id Vk . The covector £ = , • • • , C«+*Cn) i s characteristic iff the 



2 x 2n real matrix with blocks I *:„ % j has rank 1 (the actual matrix of the 



Cauchy-Ricmann operator has size 2m x 2n, but its rows have repetitions) . Com- 
plexihcation of these equations writes as (£" , . . . , £") = ±i(£[, . . . ,£' n ). Thus 
Char^ ff (£) is reducible and consists of 2 planes of dimensions p = n, and K is a 
bundle of rank n over each of them. Thus a = 2n. 

We conclude that the solution of the Cauchy-Riemann equation depends on 
2n (real-valued) functions of n arguments. In fact, it depends on n holomorphic 
functions of n complex arguments. 

In formal calculus of dimensions developed below we can interpret paramet- 
rization of the solution space via solutions of a (formally integrable) non-linear 
Cauchy-Riemann equation 8(f) = $(2;,/) (instead of holomorphic functions); 
the space of such / is isomorphic to the space of complex-analytic functions 
via the initial value problem. But for simplicity we will just mention that the 
solutions depend on \<j complex functions of p (complex) arguments. 

2 Finiteness for almost complex automorphisms 

Contrary to the global situation (when closedness, Kobayashi hyperbolicity 
or other conditions guarantee the group of symmetries to be small), locally 
(M, J) can have an infinite-dimensional Lie algebra sheaf of symmetries. We 
begin with an effective criterion to check finite-dimensionality. 

Let us endow the tangent space T = T X M with the structure of module over 
C by the rule (a + if3)-v — a-v + f3 ■ Jv for a, (3 G M, v € T. The Nijenhuis tensor 
is then an element of A 2 T* ®g T (the wedge product is over C). The image of 
the Nijenhuis tensor is the C-linear subspace lm(Nj) = Nj(T AT) cT. 

We call the Nijenhuis tensor non-degenerate if its rank as a map Nj : A C T — > 
T is maximal. This means Nj ^ for n = 2 and lm(Nj) = T for n > 2. 

Theorem 1. (i) If n > 2 and Nj is non- degenerate, then the the pseudogroup 
G = Sym loc (M, J) is finite- dimensional (and so is a Lie group). 
(ii) If Nj ^ 0, then the pseudogroup G depends on at most n — 1 complex 
functions in n — 1 variables. 

Proof, (i) Let us consider the Lie equation on the 1-jets of infinitesimal 
symmetries X € Dm (space of vector fields on M) at various points x £ M 
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preserving the structure J: 

£ie(J) = {[X}1 : L X {J) X = 0} c J l {TM). 

Its symbol is T* <8>c T and this equation is formally integrable iff J is inte- 
grable. So we consider the first prolongation-projection of this equation £ — 
7Ti(£ie(J)' 1 '), which is the Lie equation for the pair (J, Nj) consisting of 1-jets 
of vector fields preserving both tensors. The symbol of the equation £ is 

0i = {/ € T* ® c T : Nj{ft, v) + Nj(t, fv) = fNjfa rj) V£, r, G T}. 

The Spencer- Sternberg prolongation of this space equals (the symmetric 
tensor product S k everywhere below is over C): 

02 = {h G S 2 T* ® c T : Nj(h(t, v),C) + Nj( V , 0) = tfjfa, C))}- 

We can substitute J£ instead of £ in the defining relation for h. Then anti- 
linearity of Nj implies h(W, •) = for W — lm(Nj). If Nj is non-degenerate, 
this implies that $2 = 0. 

The same holds in a more general case, when W 1 - — {v £ T : Nj(v, W) = 0} 
is zero. Indeed, the defining relation yields 

Njm,rj),0=Nj(h(^0,V), (1) 

so taking C G W we get h(£, if) G W^. 

When Q2 — 0, the system £ie(J) has finite type |Sp| IALV1 |KL 2 | . Conse- 
quently G is a Lie group |Ko) . and dimG = dimg + dimgi < 2(n 2 + n). 

(ii) In the general case let us observe that the first part of the proof implies 
that the higher prolongations satisfy (k > f ) 

Qk C S k Ann{W) ® c W ± , 

where Ann(VF) ={geT* : g(W) — 0} is the annihilator. Indeed, for k — 2 this 
follows from the analysis of 02, and the claim for k > 2 follows by prolongation. 

Thus the characteristic variety of the Lie equation £ — £ie(J, Nj) (and so 
also of £ie(J)) satisfies 

Char^(£) C (Ann U (AnnW) / C C T* 

and so the maximal value of p is n — 1 . 

To calculate the kernel space K e over g G Char aff (£) consider /i = g 2 (&v G g2 , 
v £ K e . Setting 77 G Ann(p) g(u) = 0}, £ = C ^ Ann(g) into JTJ we 

obtain: h(£,r]) = Nj(v,r)) = 0. Therefore 

if e = G T : JV>(«, Ann(e)) = 0} C W" 1 . 

This space is J- invariant and is strictly smaller than T. Indeed since Ann(g) 
is a hypersurface, equality Ann(g) J - = T would imply Nj = 0. Therefore 
±<r<(n-l). □ 

In IK2I it is explained how to check that G is not only finite-dimensional, 
but actually finite. However the criterion is more complicated. 

For n = 2 the image of the Nijenhuis tensor never spans T, and a finer 
criterion is provided in the next section. 
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3 Almost complex structures in dimension 4 

In dimension 2n = 4 the induced GL(2, C) action on the space A 2 T* £§)g T of 
Nijenhuis tensors has exactly two orbits: zero and its compliment. For non-zero 
tensor Nj its image as a map A 2 T — >• T is a rank 2 distribution in M 4 ( IK2I ). 

Definition 1. II 2 = lm(Nj) C T is called the Nijenhuis tensor characteristic 
distribution. 

Provided J is generic, II 2 is generic as well (see 33]). In particular, there is the 
derived rank 3 distribution II 3 = 9II 2 formed by the brackets of sections of II. 
This leads to the invariant e-structure {£i} 4 =1 , £i £ 35 &r, a $ follows: 

6 e c°°(n 2 ), & e c°°(n 3 ), Wjtfi.fc) - 6, 6 - J6, [6,6] = 6, 6 = J&. 

These formulae define the pair (6,6) U P to multiplication by ±1 and the pair 
(£3 , £4) absolutely canonically [K3I . 



Theorem 2. If dH 2 is a rank 3 distribution, then the group G of local sym- 
metries is at most 4~ dimensional. Moreover G is finite- dimensional unless II is 
integrable and J is projectible along the fibers of the corresponding foliatioi^. 

If G is infinite- dimensional, then its orbits contain the leaves of IT, and G 
is formally parametrized by 1 complex function of 1 argument. 



Proof. It is known [Koj that the automorphism group of an e-structure on 
a manifold M is a Lie group of dimension at most dim M, which is 4 in our 
case. The additional ± can only change the amount of connected components. 
Thus in the case of non-integrable II we get dim G < 4. 

For general distribution II from the proof of Theorem Q] we have 

2 = {h £ S 2 T* ® c T : Nj(,h(£, v)X) = Nj(h(£, 0,v), M6 0) = 0}. 

These relations imply h(IL, ■) = and 77) G II. Thus g 2 = S 2 Ann(II) ® c II 
and more generally Qk — S k Ann(IT) ®c H, k > 1. The characteristic variety 
equals 

Char^ ff (£) = (Annn)^ U (Annn)^' 1 C C T*. 

The kernel bundle over Char^ ff (£ ) is the 1-dimensional complex line II, and 
this (together with the fact that the symmetries are real) implies the result on 
functional dimension. 

Now let us note that v — T/Tl is a Riemannian bundle over M. The orthog- 
onality is given by J and the unit circle 5* 1 C v x {x € M is an arbitrary point) 
consists of vectors v € v x satisfying the condition Nj(v, ■) £ SL(n x ). 

Let O be the orbit of the pseudogroup G action through x and V — T x O 
the tangent space, which is obtained by evaluation of all infinitesimal symmetry 



3 Denoting the (local) projection along fibers by it, we get that J is projectible if 7r„ J = 
Jot* for some almost complex structure Jo on the quotient. Similarly, Nj is projectible if 
TT t Nj = Nqtt* for some (2, l)-tensor No on the quotient. 
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fields at a;. If V fl II — 0, then the pseudogroup is at most 3-dimensional as it 
preserves the Riemannian metric on O. 

Consider the case dim V fl II ^ 0, and suppose G is infinite-dimensional. 
Then (as the transversal symmetries are at most 3-dimensional) we can take a 
vector field £ tangent to V fl II which coincides with a symmetry at x up to the 
second order of smallness. Then for a vector field 77 transversal to II we have at 
x: [€tJv] = "^[Ci 7 ?] mod II, which implies [J£, J77] = J[J£, 77] mod II at x. Thus 
Lx(J)(rf) — modll VX E II, 77 € so that J is projectible along II. □ 

Remark 1. If J is projectible along the leaves ofU, then Nj is also projectible. 
The inverse is not true, see an example in \K^ . 

The theorem holds under the regularity assumptions (in a neighborhood of 
a regular point), when all the involved bundles have constant ranks. It does 
not obviously extend to singular points, because there are examples of linear 
equations with sheaf of solutions being finite-dimensional at every regular point, 
yet infinite-dimensional at some singular points |Kg| . The claim is however true 
globally in analytic category. 

4 Sub-maximal symmetric structures for n = 2 

Now we describe when the Lie equation £ = £ie( J, Nj) from 32] is compatible 
(formally integrable) in the case M is 4-dimensional. 

In [LS] almost holomorphic vector bundles ir : (E, J) —} (£, J') were defined 
as such pseudoholomorphic bundles that the fiber- wise addition E Xj£ — >• E is 
a pseudoholomorphic map. In IK4I we gave a constructive version and related 
it to the theory of normal pseudoholomorphic bundles. 

Theorem 3. Suppose J is non-integrable everywhere, i.e. Nj\ x ^ Vx € M. 
Then G = Sym loc (M, J) is infinite- dimensional iff J is (locally) isomorphic 
to an almost holomorphic vector bundle structure (M 4 , J) — > (S 2 , Jo) over a 
Riemannian surface. 

If G, in addition, acts transitively, then in local coordinates we have the 
normal form 

Jd z = id z + w dm , Jd w = id w . 

Proof. Let dimG = 00. From the necessary conditions of Theorem [2] we 
know that projection along the leaves of the integrable distribution LI gives us 
locally the pseudoholomorphic map 7r : (M, J) — > (E, Jo). Choosing a complex 
coordinate z for the complex structure Jo on the holomorphic curve E and a 
complex coordinate w along the fibers of n we get the local description of J 

Jd z = i d z + a d w + b dm, Jd w = i d w (2) 

(action on d z , dyj is obtained by conjugation due to reality of J; cf. the real 
version of the above description in K4/). The condition J 2 d z — —d z yields 
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a = 0. Then we calculate Nj(d z ,d w ) = —2ib w d w , whence II = Re(C • d w ) 
according to our setup and b w ^ by the assumption. 

The equation for pseudoholomorphic curves in M transversal to II writes 

Wz = ip, where tp = | i b, (3) 

which we couple with the conjugate into £ = {wg — ip, w z — ip} C J 1 (E, M)c 
(the latter is the complexified space of jets of n). The almost complex structure 
J on M reads off (up to ±) from the collection of all these J-holomorphic curves, 
so the symmetries of J coincide with the (real) symmetries of the equation £ . 

Passing to vector fields, the Lie algebra sheaf of G corresponds to the space 
of infinitesimal point symmetries of £ , which we search by the method of S.Lie, 
see IKL2I and references therein. Since we know that most of the symmetries 
(00 with the possible exception of 3) are tangent to II (fibers of 7r), we write 
the point symmetry as £ = / d w + / d w (this removal of the translational part 
is standard in the Lie symmetry method). The prolongation of £ to the space 
of 1-jets (the doted quantities are not essential) 

€ = f 9 W + fd w + (... )d Wz + (... )d Wz + (f z + w s f w + w z U)d w - + (. . . )d w - 

acts as follows (the second equation of £ gives the conjugate relation) 

£{lUz - V0|f = fz + tp fw + Wzfw - flpw - flpw = 0. 

Since Wg is arbitrary, this obviously decouples into 

U = and (4) 

fz. + Ip f w = flpw + .flpw ■ (5) 

We will investigate this overdetcrmined system Sj by uncovering the compati- 
bility conditions. Differentiating by w yields 

fw~ fw = (\ogipw)wf + {\ogip w )wf- (6) 
Taking the sum of ([6]) and its conjugate results in 

(log|V^| 2 W + (log|^ 2 W = 0. (7) 

If this relation is nontrivial, then / = h ■ /o, where /o is a fixed complex function 
and h a real indeterminate. Substitution of this into Sj gives a finite type 
system, so the symmetry algebra is finite-dimensional. 

Thus we must assume that both coefficients of (O vanish, so that \fpw\ = 
k = const by w. We write ipw — ke l6 , where 9 is a real variable (mod27r). 
Differentiation of ([6]) by w and by z gives: 

fww = O.Og1p w )wfw + ^Ogtp w )wwf + (loglpw)wwf- (8) 
(\0glPw)wwTz = ^(.fJjwJw), (9) 
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where \P is some linear function in the indicated arguments with coefficients 
depending differentially on ip. Differential corollaries (HJ-© together with the 
original equations ((3])-© form a finite type system unless 

(log = & (l0gV\B)tirtB = 0. (fO) 

So we obtain another restriction on ip: 8 is harmonic. 

Now the choice of complex coordinate w in the leaves of II was arbitrary, 
and we wish to normalize i1@. We can suppose that the infinite pseudogroup 
G contains a fiber-wise symmetry with no stationary points. Then we can fix 
it to be translation in each leaf, i.e. the generating vector field is qd w + qdm, 
where q = q(z, z). In other words we can assume (locally) that Sj has a nonzero 
solution / with f w = 0. Then derivatives of ([S]) imply that the system of vectors 

(&w,0w), {0ww,0) (0,9ww) 

has rank < 1. Together with (fT0|) this implies 8 = 8q + aw + aw with real 8q and 
complex a functions of z,z. Moreover (|5|) yields ip = fo(z, z) + fi(z, z)w + 
where $_i = (f-i(z, z)w for a — and $_i = j^e lS else. 

Let us consider the case a = first. Substitution of the expression for 
ip into ([SJ and © implies that f w is real and constant by w, i.e. we have: 
/ = fo(z, z) + fi(z, z)w (fi G K). This together with w-derivative of ((U give us 
fa = 0, i.e. /i = c is a real constant. 

Since the first term in ip = ifo(z, z)+ifi (z, z)w+ip—i(z, z)w can be eliminated 
by a shift in w, J is an almost pseudoholomorphic vector bundle structure. The 
general symmetry / = fo(z, z) + cw is a combination of the scaling symmetry 
Re(wd w ) and the shift by solution Ke(fo(z,z)d w ), where fo satisfies the linear 
(nonhomogeneous) Cauchy-Ricmann equation 

Wz — —c<p (z, z) + (fii(z, z)w + <p-t(z, z)w. 

The solutions of the latter are parametrized by 1 function in I argument. 

Via shift by a solution and variation of constants the linear Cauchy-Riemann 
equation takes the normal form 

Wz=\(z,z)w, (II) 

where A ^ corresponds to Nj ^ 0. The gauge changes preserving this type of 
equation are z i— > Z(z), w i— > U{z)w (functions Z, U are holomorphic) , and so 
A = (log \)zz dz dz is an invariant quadratic form. 

Consider now the case a^O. Here substitution of ip = ipo(z, z) + <pi(z, z)w + 
j^e 16 in (O gives /„, = iaf+r, where r = r(z, z) is a real function. This implies 
/ = *E + ce'™, where c = c(z, z) is a complex function. Substituting both this 
and the expression for ip into ([5]) yields 

(£)s + (c a + ica- z w) e law + ia( Vo + ^w)ce iaw = |^ + c Vl e iaw + kce t9 ° +iaw . 

4 A general fiber-wise diffcomorphism preserves the symmetry algebra but changes the 
coordinate form of the Cauchy-Riemann equation linear to nonlinear etc. An alternative 
way to the normalization is to find all restrictions on ip and then to check linearization of the 
Cauchy-Riemann equation. 
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Splitting this equation according to w-parts we get ipi = — 2*, r z — (so that 
r is a real constant) and a Cauchy-Riemann type equation on c. 

Let us change the variable w t— > ere~ IQU ', where cr satisfies (logcr) 2 = iaipo. 
Then direct calculation shows that the equation w z = ip is transformed into the 
equation of type (fTT|) . so we can proceed as in the case a = 0. 

Notice that in addition to A there is another canonical quadric (Rieman- 
nian metric) Q — \\\ A dzdz on S = M/H ~ C(z), discussed in the proof of 
Theorem [2] (TS = i/) . The condition that the symmetry group G acts transi- 
tively implies that the space of (local) Killing fields for this Riemannian met- 
ric is 3-dimensional, and hence it is of constant curvature. This implies that 
| A / A 1 2 = (1 + ezz)^ 1 for real constants e, A , whence A = 2 |Ao| 4 Q- 

However for e ^ the motion group of Q does not act by symmetries on J 
(direct calculation shows that 2 out of 3 Killing fields fail to do so), and so to 
achieve transitivity of G-action we must assume e = 0. 

In this case A = 0, i.e. we can get A = const by a gauge transformation 
in (fTTj) . Thus we obtain the biggest sub-maximal symmetric models, i.e. the 
model with maximal symmetry group among all non-integrable structures J: 
the symmetry group G is a semi-direct product of the 3-dimensional group of 
motions U(l) x C of the plane C(z), the scaling of the w-variable and the co- 
dimensional group of shifts by solutions w (->• w + /o discussed above. □ 

5 Nijenhuis tensor characteristic distribution 

It was shown in IK3I that rank 2 distributions II 2 in M 4 of fixed type (Engel, 
quasi-contact, Frobenius) are realizable as the Nijenhuis tensor characteristic 
distribution. Moreover if II 2 is analytic, it is realizable as well: II = lm(Nj). 
In this section we remove the assumption of analyticity. 

Lemma 1. An almost complex structure in M has the following normal form 
in local coordinates (z,w) with some smooth complex-valued functions a, ft. 



Proof. We can foliate a neighborhood U C (M 4 , J) by J-holomorphic discs 
U = U T B T (sec [NW, M, AL ) and choose a transversal pseudoholomorphic disk 
D C U. Let's introduce a complex J-holomorphic coordinate z on D and pull- 
back it to U using the projection along the foliation B T . On every leaf B T we 
introduce a complex J-holomorphic coordinate w. This local coordinate system 
(z, w) on U ~ C 2 is not J-holomorphic; the almost complex structure J writes 
in it: 



Jd z = + \a\ 2 d z +adz + 



iaft 



= d w +/3dw, Jd w = id, 



l + VT+N 



Jd z 



a d z + a d s + b d w + (3 9, 




5 The maximal symmetric model is obviously C n in any dimension n. 
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The condition J 2 = — 1 is equivalent to 

(a + a)a = 0, a 2 + \a\' 2 = -1, (a + i)b + af3 = 0, ab + (a + i)f3 = 0. 

If a = then a = ±i, so we can take the general solution a = ik, k G R. 
k 2 = \a\ 2 + 1. Without loss of generality we can assume k > 1 (because a ss i 
near D), then the last equation can be omitted and we compute b. □ 



Remark 2. The choice a — corresponds to the normal form £|J) of J with 
integrable Nijenhuis tensor characteristic distribution. Another normal form in 
complex dimension n — 2 is considered in |TbJ /. 



Lemma 2. The Nijenhuis tensor characteristic distribution is ^-generated by 
the vector v = S + • £, where 



a a \ 1 + v/1 + \a\ 2 / 

„ a^a + aa^, a^a — aa m 
ana a± = , ± . 

At the points where a = we have 

v = -ia w d g + (3a w d w - 2ij3 w d^. 

Proof. This is a straightforward calculation. Notice that S + ^ 0, a ^ is 
a sufficient condition for IT = Im(iVj) to be a non-singular distribution. □ 

Notice that the coordinate system (z,w) from Lemma Q] is very special, for 
instance the absolute value of the coefficient of 9 2 in £ is bigger than that of d z . 

Theorem 4. Locally any smooth rank 2 distribution IT is the Nijenhuis tensor 
characteristic distribution: IT = Im(iVj). 

Proof. A rank 2 distribution can be written in the coordinate system (z, w) 

as 

n c = (8 Z - Ad w - Bdw,dz - Bd w - Ad*,} 

(to obtain real IT one has to take the real and imaginary parts of the first vector) . 
In the notations of Lemma [2] we have: 



li- 




1 + v /l + |a| 2 S+ 5+^ 
Vanishing of the ^-coefficient yeilds 



P = -aA - i(l + Vl + \a\ 2 )B (12) 
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(this is also obtainable from the condition of invariance of II with respect to the 
almost complex structure J from Lemma [1]). 

Substituting this into the 9^-coemcient of £ mod II we observe that all 
derivatives of a cancel and the resulting relation is 



iaA w - (1 + y/1 + \a\ 2 )B w = 0. 
This is easily solvable provided \A^\ > \B W \: 

2zyliD B w 
a = \A*\*-\B W \*- 



(13) 



Now we can construct J. The coordinate system (z, w) is at our hands. We 
can choose it so that the above inequality is satisfied (even integrable II can be 
written with non-constant A, B). We calculate using (TH 



~~ ^A W B W (A W B WW A WW B W ^ 

(|^| 2 -|^| 2 ) 2 • 

Thus the condition S + ^ translates into the inequalities \Aaj\ > \B W \ > and 
A W B WW 7^ A WW B W . We adapt these into the choice of (z,w). 

Then we define the complex- valued functions a,/3 by (fT3")) - (fT2"j) and the al- 
most complex structure J from Lemma [1] realizes II as the Nijenhuis tensor 
characteristic distribution. □ 



Remark 3. It is surprising that the construction is purely algebraic. This is 
due to the choice of special coordinates. In jK^j the problem was solved via a 
PDE system in Cauchy-Kovalevskaya form, that is why analyticity was assumed. 



6 Global obstructions for non-degeneracy 

Non-degeneracy of the Nijenhuis tensor is a generic condition locally, but glob- 
ally on a closed 4-manifold it is a topological constraint. 

Definition 2. An almost complex structure J on a 4~ dimensional manifold M 
is called non-degenerate if Nj ^ everywhere. 

There are obstructions to existence of non-degenerate Nj, some depending 
on the homotopy class of the almost complex structure J and some purely 
topological. Indeed, the Nijenhuis tensor determines an anti-linear isomorphism 
of the complex vector bundles 

Nj : A 2 T -> II C T. 

This implies ci(II) = — ci(A 2 T) = — c\(M). Denoting by W 1 - the normal vector 
bundle equipped with the natural complex structure we have: c%(M) = ci(II) + 
c^rr 1 ), c 2 (M) = ci^ci^), whence 

c 2 (M) + 2 Cl {Mf =0. 
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Since the Euler characteristic is x = C 2(M)[M], the signature is r — ^pi(M)[M], 
with pi(M) — c\(M) — 2c2(M) (implying the classical Wu's criterion for almost 
complex structures in dimension four: 2x+3r = c 2 ; see |Dej ). andci(M) 2 = KK 
is the self-intersection of the canonical class K of M, we get the main topological 
restrictions for existence of non-degenerate almost complex structure on M: 

5 x + 6t = 0, x = -2K-K. 

Remark 4. Reference \HFPj relates the existence of an almost complex structure 
on M to the existence of a rank 2 distribution. We see that in the case these 
two are compatible (through Nj) we get stronger restrictions on M. 

In addition there are divisibility constraints [H . Indeed by Max Noether 
theorem \ + T = mod 4 (equivalently c 2 + c 2 = mod 12), so we must have 

X = mod 24. 

These restrictions applied to a simply connected closed 4-manifold yield 
&_ = 10 + 116+ and b + = 1 mod 2, where b + and b^ are the dimensions of the 
maximal positive and negative definite subspaces of H 2 (M). For instance (the 
same for any type I manifold), if 



# r CP 2 # s CP 2 

possesses a non-degenerate almost complex structure, then r = 2k + 1, s — 
22fc + 21, k £ Z (notice that this manifold possesses an almost complex structure 
iff r is odd). In particular, the projective plane blown- up at < 20 points does 
not possess a non-degenerate almost complex structure. 

For type II manifolds with the intersection form m ^ ^ + n E%, the above 

relations imply n — |(m + 1) > 0, m = 3 mod 4. 

In particular, there exists no non-degenerate almost complex structures on 
K3 surfaces (then 5% + 6r = 24), on Enriques surfaces (x — 12 not divisible by 
24) and on complex surfaces of Kodaira dimension 2 (surfaces of general type, 
then both x and KK > 0). 

Remark 5. In other words, for any almost complex structure J on any of these 
manifolds there will exist points x with Nj\ x = 0. 

There are however closed 4-manifolds with non-degenerate almost complex 
structures, for instance Abelian surfaces. Indeed on the torus T 4 = C 2 (z, u>)/Z 4 
with almost complex structure given by 

J8 Z =id z + e mc{w ^d w , Jd w = i d w 

the Nijenhuis tensor nowhere vanishes. 
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7 Almost complex structures in dimension 6 

For n = 3 non-degeneracy of the Nijenhuis tensor means C-antilinear isomor- 
phism 

Nj : A 2 T -S- T. (14) 
Nijenhuis tensors were classified in |K 2 | . There are 4 non-degenerate type^l 
NDG(l) N(X 1 ,X 2 )=X 2 , N(X 1 ,X 3 )=XX 3 , N(X 2 ,X 3 ) = e^X x , 
NDG(2) N(X U X 2 )=X 2 , N(X U X 3 )=X 3 + X 2 , N(X 2 , X 3 ) = e^X u 
NDG(3) N(X U X 2 ) = e-**X 3 , N(X U X 3 ) = -e**X 2i N(X 2 ,X 3 ) = e^X u 
NDG(4) N(Xi,X 2 )=Xx, N(X lt X 3 ) = X 2 , N(X 2 , X 3 ) = X 2 + X 3 , 

Parameters A, ip, ip are real. For non-exceptional values of the parameters (A 7^ 
±1, -A ^ e ±2 ^, e ±2lv ^ ±1, e ±2 ^' ^ ±1 and ip±cp ttZ) there is precisely one 
fixed point n of the composition of maps $ 2 : Gr 2 (3) CP 2 , n i-> iVj(A 2 n) 
and $1 : CP 2 -» Gr^(3), L i-» Im(Nj(L, •)) that satisfies Nj(A 2 n) n n = 
in cases NDG(l-2), three such II in case NDG(3) and exactly one II with 
Nj(A 2 n) c n in case NDG(4). 

Isomorphism (fT¥|) imposes global obstructions for existence of a non-degene- 
rate almost complex structure J. Indeed, the total Chern class c(T) is related 
to c(A 2 T) = 1 + (2 Cl (T)) + (c 2 (T) + Cl (T) 2 ) + (-c 3 (T) + Cl (r)c 2 (T)) through 
(p~4|) . so (these formulae were also obtained in [B]) 

3 Cl (J) = 0, Cl (J) 2 = 0, Cl (J)c 2 (J) = 0. (15) 

We write c.;( J) instead of Cj(T) = Ci{M) to stress that, contrary to 4-dimensional 
situation, the Chern numbers, like cic 2 , obtained through these characteristic 
classes depend on the homotopy class of J (and not only on the diffeomorphism 
type of M). The obstructions for existence of almost complex structure in 
dimension 6 [Hi IGej are cic 2 = mod 24, c\ = c 3 = mod 2, and only the last 
requirement x(M) € 2Z does not follow from (fl~5l . 

For example, there is no non-degenerate J in the homotopy class of the 
standard complex structure of 

CP 3 #CP3# . . . #CP3. 

The canonical G 2 -invariant almost complex structure J on S 6 is non-dege- 
nerate and it corresponds to NDG(3) (p — ip — 0. But if we blow up S 6 , then 
the resulting S 6 #CP 3 ~ CP 3 (orientation forgetting diffeomorphism) has no 
non-degenerate J in the respective homotopy class. 

More generally, according to [Thj the almost complex structures on CP 3 are 
bijective with the total Chern classes 

1 + 2rx + 2(r 2 - l)x 2 + Ax 3 , 

6 The third type is obtained from the equation in IK2I by changing the basis (X2,Xs) 1— > 
(X2 ± JX3) and complex scaling. 
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where x is the standard generator of H 2 (CP 3 ) and r G Z (r = 2 corresponds to 
the standard complex structure and r = — 1 corresponds to the blown- up S* 6 ). 
There are no non-degenerate J unless r = (where we don't know). 

If we impose a stronger requirement of Nj being non-exceptional of type 
NDG(l-2), then Nj : A 2 II ~ L, T = L © II imply c x (J) = 0, i.e. the canonical 
class vanishes K = 0. Moreover, c%(J) = X(c2(J)+X 2 ) for an integer cohomology 
class A g H 2 (M) (A = -ci(II)). 

For non-exceptional NDG(3) we also have K = and in addition — C2(J) = 
A 2 + A/i + /i 2 , — c 3 ( J) = A^i(A + /«) for some integer classes A, fx G H 2 (M) (these 
conditions imply the above condition for the type NDG(l-2), but not otherwise). 

If Nj is of type NDG(4), then c 2 (J) = A 2 + c x (J)A, c 3 (J) = -2A 3 for some 
integer cohomology class A G H 2 (M) (A = — ci(II)). 

For instance CP 3 contains neither non-exceptional type NDG(3) nor non- 
exceptional type NDG(4) structures; the sphere S 6 has no non-exceptional al- 
most complex structure (of any type). 

8 Nondegenerate symmetric structures for n = 3 

By Theorem [1] an almost complex structure on a 6-dimensional manifold has a 
finite-dimensional symmetry algebra provided Nj is non-degenerate. 

An alternative approach to prove this is via the Tanaka theory |Ta] . Namely, 
the complexified tangent bundle C T has the canonical subbundle V = T 1,0 with 
V = T 0,1 . Non-degeneracy of Nj is equivalent to step-2 bracket-generating 
property: [V, V] = C T. Thus the growth of the distribution is (3, 6) and conse- 



The Tanaka prolongation of the corresponding graded nilpotent Lie algebra 
m = g-2 © 3-i (with g_j = V and g„ 2 = C T/V) is equal to 



This is the 21-dimensional Lie algebra so(3, 4), but it is not the most symmetric 
case for non-degenerate almost complex structures. Indeed, we have not used the 
natural isomorphism Nj : A 2 V ~ V, which reduces the algebra of derivations 
of m to at most 14 dimensions: 

Theorem 5. For non- degenerate J the symmetry group satisfies dimG < 14. 
The equality is attained only for the exceptional Lie group Gi ■ 

Note that here we treat only the germ of the structure J, so the conclusion 
concerns the local group (equivalently, its Lie algebra). 

Proof. 02 = for a non-degenerate J and so dimG < dimO + dimgi, where 
O is the orbit of G of dimension < dimM = 6. We claim that dimrji < 8. 

7 The standard theory concerns real distributions in the tangent bundle but can be gen- 
eralized to real distributions in the complexified tangent bundle. This is however a formal 
calculus. For real symmetries the Lie algebra of the compact G2 (that act on S 6 ) lies in so(7). 




g-2 © g-i © go © g\ © 32 = A 2 V © V © gl(V) © V* © AV*. 
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This is based on the case by case analysis of the normal forms from SJ71 
Consider for instance NDG(l). For non-exceptional parameters there exists a 
unique C-line L — (Xi,JXx) C T that is invariant with respect to 4> 2 $i and 
satisfies T — L © II, II = An endomorphism / € 0i preserves this 

splitting and is an arbitrary complex map on L, while it is given by at most 4 
real parameters on II. Thus in this case dimgi < 6. 

In some exceptional cases the splitting is also invariant with L — (Xi)c 
distinguished by the condition that = (X 2 ,X 3 )c is generated by fixed 

points L of $2 < f ) i satisfying $i(L) D L. Then the conclusion is the same. 

But for e 2lv = —A = ±1 all complex lines L € CP 2 are fixed points of $2$i 
(those satisfying the condition $i(L) D L form a nondegenerate quadratic cone). 
Here the group gi acts transitively on T by complex transformations preserving 

N{X 1 ,X 2 ) = X 2 , N(X U X 3 ) = -X 3 , N(X 2 ,X 3 ) = X x . (16) 

This tensor is isomorphic to (|17l) and so will be discussed below. 

Similarly, in the cases NDG(2), NDG(4) we get dimgi < 2, because (Xi,X 2 ) 
is G-invariant etc. For NDG(3) we have dimgi < 8, and the equality is strict 
except for two cases: 

N(X 1 ,X 2 )=X 3 , N(X 1 ,X 3 )=X 2 , N(X 2 ,X 3 )=X 1 (17) 

and 

N(X 1 ,X 2 )=X 3 , N{X 3 ,X 1 )=X 2 , N(X 2 ,X 3 )=X V (18) 

This last case is the (anti-)complexification of the usual vector product in R 3 , 
and it is realized by the G2-invariant almost complex structure J on S 6 . 

Case (|T7)) . equivalent to (fT6|) . is another candidate for dimG = 14, but it 
is not realizable. The proof uses completely different technique (representation 
theory) and so is delegated to the Appendices. 

It follows that an almost complex structure J with the transitive automor- 
phism group, dim go = 6, and having the stabilizer of dimgi = 8 must be locally 
isomorphic to the Calabi structure on S 6 (coming from the octonionic vector 
product on M. 7 ) corresponding to (|T8|) . see the Appendices for more details. □ 

Corollary 1. Calabi octonionic structure J on S e is the most symmetri^ non- 
degenerate almost complex structure in dimension 6. 

9 Sub-maximal symmetric structures for n = 3 

Now consider degenerate tensors Nj. By Theorem[T]in the case dime lm(Nj) = 
2 (denoted DGi in IK2I ) the symmetry group G depends on < 2 complex func- 
tions of 1 (complex) argument. 

8 The symmetry group is the real compact form of the exceptional Lie group G2- The split 
real form of G2 is the largest symmetry group of nondegenerate rank 2 distributions in R 5 , 
with the corresponding maximal model being the Hilbert-Cartan equation (E.Cartan, 1910). 
Informally, the "mirror" of the Calabi structure J in 6D is the Cartan 2-distribution in 5D. 
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More symmetries (complex functions of 2 argument) can occur in the case 
dime Im. (iVj) = 1, which has two normal forms: 

DG 2 (1) N(X 1 ,X 2 ) = Xi, N(Xi,X 3 ) = 0, N(X 2 ,X 3 ) = 0, 

DG 2 (2) N(X 1 ,X 2 ) = X 3 , N(X 1 ,X 3 ) = 0, N(X 2 ,X 3 ) = 0. 

In the first case Charf ff = (Ann(Xi))J.'° U (Ann(X 1 ))°' 1 . Indeed for any h € Q 2 
we have h(X lr ) = 0. Moreover the condition Nj(h(€,r)),9) = Nj(h(£,6),T)) 
gives h(-,-) € (X 1: X 3 )c (via substitution t] — Xi) and h(X 3 ,-) e (A 3 )c 
(via substitution r\ = X3). There are no more relations, and we get q 2 — 
S 2 Ami((Xi) c )<3 {X 3 ) c + S 2 knn{{X u X 3 ) c ) ® {X U X 3 ) C . 

Now we can calculate the characteristic variety through q 2 as discussed in 
iJTJ The kernel bundle K over Char^ ff has complex dimension 1 on a Zariski 
open set Ann((Xi)c) \ Ann((Ai, X 3 )c), and so formally the general symmetry 
depends on at most 1 complex function of 2 arguments. 

In order for this to be realized the two G- invariant distributions Im(Aj) = 
(X\)c and Ker(A^j) = (X 3 )c have to be integrable (otherwise their curvature 
tensor is another defining relation in G, see and also their sum (Xi,X 3 )c 
shall be a holomorphic foliation of dime = 2. Furthermore the biggest (in the 
sense of dimension theory) symmetry group G corresponds to pseudoholomor- 
phic projection along the foliation (X 3 )c onto a 4-manifold, which has to be the 
sub-maximal symmetric model M 4 for n = 2. 

Finally the most symmetric model of type DG2(1) is M 6 = M 4 (z, w) x C(£). 
Provided G acts transitively, the almost complex structure J in local coordinates 
z,w,C (corresponding to the numeration X 2 , X\, X 3 above) is given by 

Jd z = id z + wdyj, Jd w = id w , J8q = id^. (19) 

Notice that there is a 4-dimensional J-holomorphic foliation C 2 (z, w) with non- 
integrable restriction of J, and also lots of transversal 4-dimensional J-holomor- 
phic foliations with integrable J of the type E 2 x C(£), where £ C C 2 (z,w) is 
a pseudoholomorphic curve. 

The bulk of symmetries form the holomorphic transformations £ 1— > S(z, Q) 
(but there are some other symmetries depending on a function of 1 argument). 

The other case DG 2 (2) is more symmetric: 

Theorem 6. Suppose J is non-integrable everywhere, i.e. Nj\ x ^ Va; G M. 
Then G has the biggest functional dimension iff the almost complex structure is 
given by the following normal form: 

Jd z = id z + Qdw , J8q — id^ , Jd w = id w . (20) 

We shall see that the symmetries depend on 2 complex functions of 2 argu- 
ments, but there are also functions with fewer arguments arising via Cartan's 
test. The structure of the theorem maximizes the amount of this initial value 
data (otherwise, as in Theorem [3l there are symmetric models with slightly 
smaller pseudogroup G; they correspond to change Jd z = id z + Xdw in (|20|) ). 
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Proof. The characteristic variety of DG2(2) is 

Char^ ff = (Ann(X 3 )c)c'° U (Ann(A 3 ) c ) 



o.i 

'C > 



since h(X 3 , •) = for any h G 02- Moreover rank(i^) = 2. 

To see this we can use the defining relation for gi from <21 If / = Q®v G 
with e € Chaif ff , v e K e , then H(g)Nj(v, rj) + g(jj)Nj(t, v) = v ■ g(Nj^,r))). 
Substituting r\ = X 3 we get v G (A 3 )c or g(X 3 ) = 0, but the first possibility 
implies the second. Thus, denoting by 9i the coframe dual to the frame Xj, we 
get g = a\6i + a 2 9 2 ^ Q ^ K g = (a 2 Xi - aiX 2 ,X 3 ) c . 

We can also see this by calculating g 2 via (JTJ or as the prolongation of 531. 
Denoting II = (X 1 ,X 2 )c, IT = (6» 1 ,6» 2 ) c = Ann((A 3 ) c ) and sl 2 (C) C IT* ® n, 
we get Qx — sl 2 (C) © II* ® (X 3 )c (tensor products over C). 

Thus we obtain the biggest possible functional dimension of G for non- 
integrable J, so if it is realized the case will be sub-maximal. 

Compatibility conditions include integrability of the invariant distribution 
Im(TVj) = Ker(Nj) = (X s )c- This yields a J-holomorphic projection of (M 6 , J) 
onto C 2 with (integrable) complex structure and it also implies constancy of the 
Nijenhuis tensor (otherwise the pseudogroup G does not act transitively). The 
arguments similar to those used in Theorem [3] show that in order to keep the 
size of G the structure J must come from an almost holomorphic vector bundle, 
and then we justify the normal form of the theorem. 

To calculate the symmetries of the model let us introduce complex coordi- 
nates (z,C,w) according to the order (Xi, X 2 , X3) in which J takes the form 
(|2T)|) . From the above description it is clear that J-holomorphic change of coor- 
dinates has the form z i-> Z(z, S(z, £), w H> W(w, w, z, z, (, Q 

The condition that J has the same normal form in the new coordinate system 
writes as the system of PDEs 



This system is not yet formally integrable, and we need to add the compatibility 
conditions. The resulting involutive system is (c is a constant): 



Z Z E C - Z C E Z = c, W w = c, Wm=0, W- z = \{Z Z ~, - c(), W f = |Z C S. 



Thus the form 57 = (Z z S — c£) dz + Z^Sd^ is closed and we can integrate it 
Q = dW , where Wo = Wq{z,Q. This implies W = cw + |Wo + *, where 
$ = fy(z,0 is an arbitrary holomorphic function. 

Finally, the change in (z, £) is a biholomorphism with constant holomorphic 
Jacobian, i.e. it involves 1 complex function of 2 arguments; the other such 
function ^ comes from the change in w (also a function with 1 argument and a 
constant are involved into the general symmetry). □ 

10 Dimensions 2n = 8 and higher 

In the case dime M = n > 3 the orbit space of GL(n, C)-action on A 2 T*<g) C T 
is quite complicated (as well as its real analog - normal forms of (2,l)-tensors). 



We = 0, W c 



w z 



i(Z z E-CW^). 
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However we can give a sharper estimate for the dimensional bound of G. 

Theorem 7. For n > 4 in the case Nj =^ 0, the pseudogroup G depends on at 
most (n — 2) complex functions of (n — 1) arguments. 

Proof. By Theorem [T]p < dime Ann(IT) for W = lm(Nj) and so the 
functional dimension of G is (n — 1) iff dime W = 1. In this case Nj can be 
identified with a C- valued 2-form ui. Let Z C T be the kernel of lj. Denote by 
2m = rankc(w) (rank is even by Cartan's lemma). Then dime Z = n — 2m. 

We have Ann(g) D W for a characteristic covector g £ Char^g and the 
restriction o>|Ann(e) can have C-rank 2m or 2(m — 1) depending on whether 
Ann(p) is transversal to Z or not. The first situation is generic with respect to 
the choice of g unless n — 2m or W = Z. 

Therefore the kernel space K e = Ann(g)- L (skew-orthogonality with respect 
to w) is Z or Z © L 1 respective the value of the rank 2m or 2(m — 1) (in the 
latter case L 1 G Ker(w|Ann e ) is C-generated by one vector not belonging to Z). 

In other words, the functional C-rank ^cr is equal to n— 2m < n—2 (achieved 
for m = 1) or n — 2m + 1 (achieved either for n — 2m, when — 1, or for 
W = Z being 1-dimensional, when i<r = 2; in any case for n > 4 this branch 
gives the value < n — 2). □ 

We see from the proof that the symmetry pseudogroup G is largest in the 
case Nj ^ 0, n > 4 only if m = ranked/ = 1, i.e. the only non-trivial 
relation for the Nijenhuis tensor can be either Nj(Xi, X2) = X\ (W n Z = 
0) or Nj(X 1 ,X 2 ) — X 3 (W C Z). As before we must impose integrability 
assumptions on the involved distributions in order to realize this G. 

Thus for n > 4 there are 2 different cases with the largest symmetry: the 
6-dimcnsional manifolds described by (fT9|) or ([20]) . multiplied by C n ~ 3 . In other 
words, the the sub-maximal symmetric models are either Mf n = M 4 x C" -2 , 
where (M 4 , J) is the submaximal model from Theorem|31 or Mf" = M 6 x C" -3 , 
where (M 6 , J) is the submaximal model from Theorem [6] 

Notice that both cases are described by almost holomorphic vector bundle 
tti : M 2n — > C' i_1 (with J being minimal in the sense of |GSj ). and that both 
models contain a canonical pseudoholomorphic foliation by the kernel of the 
Nijenhuis tensor ir 2 : M 2n — > C 2 . 

The other structures J with large symmetry pseudogroup G must also have 
the involved invariant distributions integrable, so that these structures give rise 
to canonical pseudoholomorphic foliations. The hierarchy of intermediate size 
groups G is immense, but also the totality of almost complex structures J with 
non-degenerate Nj is vast. To study the latter the following idea is useful. 

Consider the C-antilinear map Nj : A 2 T — > T, T ~ C n . For non-degenerate 
Nj the pre-image iVj" 1 (0) has complex dimension d = ^n 2 — In. The Pliicker 
embedding p : Gr c (2, n) <-} P C A 2 T has image of codimension d + 3 — n. There- 
fore generically E = zu(Nj 1 (0)) PI Imp has dimension n — 4, where w : A 2 — > 
P C A 2 is the projectivization map. The degree of subvariety £ is the same as 
the degree of a Plucker embedding of the Grassmannian Gr c (2,n), namely the 
Catalan number — ( 2n ~„ 4 ) . 

71—1 V n—2 / 
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Let us consider in more details the case n = 4, when E is zero-dimensional 
of degree 2. Thus E consists of two 4-dimensional J-invariant subspaces of T, 
which we assume transversal T — IT © II 2 (IT are characterized uniquely by 
the condition Nj\u t = 0). We will call such almost complex structure J on 
8-dimensional manifold M transversally non-degenerate. 

This assumption imposes topological restrictions on M and the homotopy 
type of J. Indeed, Nj : IT ® H2 — !• T is an anti-isomorphism and therefore the 
total Chern class of the tangent bundle is equal to 

c(t, j) = c (Ei © n 2 ) = c (iii ® n 2 ) 

Denoting c' k = Cfc(IIi), dl — Ck(J^2) the Chern classes of the complex rank 2 
bundles IT we can use the formulae c(IIi ® n 2 ) = 1 + 2(c[ + c'{) + ((c' x + c") 2 + 
c[c'{+2(c> 2 +cZ)) + ((c[+c>{)(^ 

and c(T, J) = (1 + + c 2 )(l + c" + c 2 ). They imply the following restrictions 
for the Chern classes q = Ci(T, J) of transversally non-degenerate J: 

3ci = 0, 3c 2 = —3q 2 , 3c3 = 0, 15c4 = 

for some q £ H 4 (M) (here g = c 2 (IIi)). In particular, x{M) = 0. 

Moreover generically the 6-dimensional manifold A 6 = {Nj(£,r)) : £ € 
III, 77 G n 2 } C T meets Ilj at two different complex lines Lj, L\ (degree of A 6 is 
2). This means that there exist two canonical decompositions into the sum of 
complex lines IT = V> s © V? s such that Nj{V(\ Kf) = L{ , 1 < i, j, s < 2 (the 
line bundles are defined up to the changes (i, s) h-> (i + 1, s + 1) and j h-> j + 1 
when we consider j, j, s mod 2). 

If the subbundles V/ s c Hi are transversal to one of the lines L\ (say to 
L|), we call J (resp. iVj) strongly non- degenerate. It is easy to classify strongly 
non-degenerate Nijenhuis tensors (the moduli space has complex dimension 8). 
Indeed, there exists a basis e\ € L\ (these 4 vectors in T are defined up to si- 
multaneous multiplication by v^T) such that Nj is given by 8 complex constants 
Aj S and the relations 

Nj{e\ + Af el e\ + Afe 2 ) = ej, 4 + Af e 2 e lf s . 

Existence of strongly non-degenerate structures on M implies even stronger 
topological obstructions on the homotopy class of J. Let for simplicity the line 
bundles be numerated (elsewise the torsion order has to be multiplied by 4). 
Then the above relations imply that the 1st Chern classes ci(V/ s ) = C\{L\) = a 
are independent of indices and 3a — (the claim that ci(y/ s ) = ci(Lj) depend 
only on the index i follows from A 2 IL = Lj <£> L\ = V,^ s <E> V 2s ; the rest follows 
from the defining equation for Nj). 

Consequently, we have: c\ — 4a = a, c 2 = 6a 2 = 0, C3 = 4a 3 = cf, 
C4 = a 4 = c| (if H*(M) has no torsion, then all Chern numbers vanish). 

According to |MG| the existence of an almost complex structure in dimension 
8 is equivalent to such relations: 

— c\ + 4c 2 c 2 + C1C3 + 3c 2 — C4 = mod 720, 
2c 4 + c 2 c 2 = mod 12, cic 3 - 2c 4 = mod 4. 
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For strongly non-degenerate J these relations specify to the only constraint 
C4 = mod 720. It would be interesting to understand the restrictions on Chern 
classes if Nj is non-degenerate in the weak sense, lm(Nj) = T. 



A Associated Hermitian metrics in dimension 6 

In [B] an invariant Hermitian metric was associated to an almost complex 
structure in dimension 6. This construction depends pointwise on J,Nj, and 
can be written following |K 5 | so (the trace is over K): 



h(£, v) = Tr[7Vj(e, Nj(r), •)) + Nj(n, Nj(£, •))]• 

Since it satisfies the property h(J£, Jrj) — /i(£,f?), it has (complex) type (1, 1). 

The corresponding almost symplectic form equals oj(^,rj) = h(J^,rj) (gener- 
ically it is not closed^)- 

The hermitian metric determines the smooth volume form Q — fl^ and there 
is also the canonical holomorphic (3,0)-form a related to f2 

^ 1 3 i 
Yl = — uj = -a A a 
3 4 

(the form a is normalization and alternation of the following C-valued 3-tensor: 
?(X, y, Z) = h{N.j{X, Y), Z) - i h{N.,{X, Y), JZ) ). 

For the cases of our current interests the metric on m = T X M in complex 
coordinates (naturally related to the basis in which the normal form is given) 
is the following. For (fl8|) it equals (after normalization of constants) 

3 3 

h = J2\ dz i\ 2 = ^dzi-dzi, (21) 
l l 

and for (flT)) it equals 

h = \dzi\ 2 + |c?Z2| 2 — |<fea| = dz\ ■ dz\ + dzi ■ dz2 — dz% ■ dz%. (22) 

The symplectic form on m in both cases is 

. 3 3 

i 



- ^2 A dzi = ^2 dXi A dy i: 



l 



so the complex structure J = J1 + J2 + J3 for (fT%|) and it equals J = Ji + J2 — J3 
for {T7]), where J k = i d Zk <8> dz k - i d Zk <8> dz k = d Vk ® dx k - d Xk (g) dy k is the 
complex structural on the fc-th summand in C 3 . 



9 In the most symmetric non-degenerate case the 3-form dui is the restriction of a generic 
3- form in ffi 7 with stabilizer G2- 

10 We have changed the last summand C in m = C 3 to C for 1171 to keep the two cases 
parallel from the viewpoint of uj and a. 
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The canonical holomorphic and the smooth volume forms in both cases are 
a = d 3 z = dzi A dz 2 A dz 3 , ft — -^d 3 z A d 3 z. 

Now it's easy to calculate the stabilizer f) = gi, which is the automorphism of 
the triple (h, J, a) on m, in both cases. It is important that this triple has the 
same automorphism group as the pair (J,Nj) [Bl |K 5 | . 
We have f) = su(3) for fig]) and h = su(2, 1) for (]T7J|. 

B Lie algebras in dimension 14 

Here we consider the stabilizer f) = Qi of dimension 8 from the previous section 
naturally acting on m = go = T x of dimension 6. The symmetry algebra has 
maximal dimension 14 if we can construct Lie algebra g allowing the following 
exact 3-sequence 

We will show that such g can be constructed for (|18p . but not for (fTT|) . 

Since t) is simple, we have direct decomposition of ^-representations g = 
f) © m, and m = C 3 as [}-module. Thus to restore the Lie algebra g we need two 
components of the f)-morphisms A 2 m —} g. The m-part is given uniquely (see 
below) and the only part to be determined is the f)-component of [m, m] . 

As ^-representation A 2 m is reducible, and it decomposes into three submod- 
ules of dimensions 6, 1, 8, which are better described in the complexification: 

A^m = A 2 '°(m) © A M (m) © A°' 2 (m). 

The piece A 2,0 © A 0,2 is the complexification of a 6 dimensional summand, and 
A 1,1 = C © Aq' 1 corresponds to 1 + 8 dimensional piece. Here we identify via 
the Hermitian metric A ' = End(m)c and the endomorphisms fj-equivariantly 
split into the scalar and traceless parts (now the trace is over C). 

Thus the m-part of the above f)-morphism A 2 m — > m is given by the projec- 
tion 

A J m d A 2 '°(m) © A°' 2 (m) ~ A 0,1 (m) © A 1,0 (m) = m c 

(we must use the conjugation to get C-antilinearity, which yields the required 
tensor Nj ^ 0). 

The t)-part A 2 m — > 1] is given by the complexification as the projection 

A 2 m D A 1 ' 1 — > Aj' 1 ~ f)c, 

where the identification A 1,1 = moiom^o — End(m)c C m 1,0 ©mi,o+m°' 1 ©mo,i 
is given by the Hermitian metric, m* = nx 0,1 and trig j = tn ,0 . 

Let us now specify to the case f) = su(3) corresponding to (TT8"|) . The Hermi- 
tian form is given by (|21l) and the complex structure is J — J\ + J 2 + Ja- 
The map A 1,1 — > su(3) © C is given by 

£ A 77 h> — 3£ © h(ri, •) + 3t] © h(£, •) + h(£, Jrf)J. 
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Thus the f)-component of the bracket on m is 

[dz k ,d Zk ] = i (3J fc - J), [d Za ,8 Zli ] = -3d Za ®dzp + 38 Zfj ®dz ol for a ^ (3. 

The m-component of the bracket on m is given by the relations 

[d Zl ,d Z2 } = 2d Z3 , [d Z2 ,d Z3 ] = 2d Zl , [d Z3 ,d Zl ] = 2d Z2 

(we use a normalization constant) and their conjugations. 

Notice that this is the complexification of the real Lie algebra, i.e. we can 
write real commutator relations in the real basis of m: 

[d Xk ,d Xl ]f, = [dy k ,d yi ]f, = -3d Zk <8> dzi + 3d Zl (g) dz k (+conjugated) 
[dx k , d Vl ]\> = 3i d Zk ® dzi + 3i d Zl <g> dz k (+conjugated), [d Xk ,d Vk ]t, = 2(3 J k - J) 

(we indicate only the f) part of the bracket, the m part is obtained similarly). 

Let us check the Jacobi identity (we can use complex basis for this). If all 3 
vectors have (l,0)-type, the only non-trivial relation is 

[d Zl , [d Z2 , d Zs \] + [d Z2 , [d Z3 , d Zl ]] + [d Z3 , [d Zl , d Z2 \] = 0, 

which is equivalent to the trace-zero condition ^2i[d Zk , 8 Zk ] = 0. 

If we use two (l,0)-types and one (0, l)-type, then there are 3 similar rela- 
tions with 3 different indices, like 

[8 Z1 , [d Z2 , d Z3 }} + [d Z2 , [d Z3 , 8 Z1 }} + [d Z3 , [8 Z1 , d Z2 }} = o + o + o = o 

and 6 similar relations with 2 indices equal and 1 different, like 

[8 Z1 , [d zl ,d Z2 ]] + [8 zl ,[d Z2 ,8 zl ]] + [d Z2 ,[8 zl ,d zl ]] = o. 

This latteiE] re- writes as 

2[8 Z1 ,8 Z3 ] - (-3d Z2 ® dzi + 38 Z1 ® dz 2 )(d Zl ) + i{2,h -J 2 - J 3 )d Z2 

= -4d Z2 +3d Z2 +d Z2 =Q. 

The other relations are conjugated to these, and so g has the unique Lie algebra 
structure corresponding to the compact form of the exceptional Lie algebra G^. 

Remark 6. With [m, m] = we realize $ as a 1^- dimensional Lie algebra for 
both choices of f), but in this case Nj = and the corresponding homogeneous 
space M 6 is flat (so that the actual symmetry is the maximal infinite group). 

Now let us turn to fj = su(2, 1). The Hcrmitian form is given by ([22]) and 
the complex structure is J = J\ + J2 — J3. 

The map A 1,1 — > su(2, 1) eg) C is given by the following f)-morphism (the 
normalization constant k, which can be also zero, is to be specified below) 

£ A 77 >->• -k£®h(Ti, ■) +fc?7<g) h(£, ■) + kh(£,,Jn)J. 

11 Notice that it prohibits the possibility that the h-part of [m,m] vanishes. 
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With this we have the following brackets: 

[d Zl ,B Zl ] = ik(J 3 -J 2 ), [3 Z2 ,B Z2 ] = ik(J 3 -Ji), [d Z3 ,B Z3 ] = ik (J x + J 2 - 2J 3 ), 

[dzi , 9 Z2 ] = -k d Zl ® dz 2 + kd Z2 ® dz\ , [d Zl ,B Z3 ] = k 8 Zl ®dz 3 + k B Z3 ® dzi , 
[<9 Z2 , <9 Zl ] = -kd Z2 ® dzi + &<9 Zl ® c?z 2 , [<9 Z2 ,<9 Z3 ] = kd Z2 <S> dz 3 + kB Z3 ® dz 2l 
[B Z3 , <9 Zl ] = -fe <9 Z3 ®dzi-k B Zl <g> dz 3 , [<9 Z3 , <9 Z2 ] = -fe <9 Z3 ®dz 2 -k B Z2 ® c?z 3 . 

The Jacobi relations with 3 different indices are un-changed. The constant 
fc is specified by one of the last group of 6 relations: 

[B Z1: [B Z1 ,B Z2 ]} + [B Z1 ,[B Z2 ,B Z1 ]} + [B Z2 ,[B zl ,d zl ]} - 0, 

which gives — 49 Z2 + kd Z2 + kd Z2 = 0, i.e. k — 2. But the next Jacobi relation 

[B Z1 , [d zi , B Z3 \] + [d zi , [B Z3 , B Z1 }} + [B Z3 , [B ZI , 3 Z1 }} = o 

is already a contradiction: (—4 + k — k) d Z3 — 0. Thus we have proven 

Proposition 8. No Lie algebra of the type g = su(2, 1) tx R 6 (as ^-representa- 
tion) can be a symmetry of an almost complex structure J on a 6-dimensional 
manifold with non-degenerate Nijenhuis tensor Nj. 
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